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 O6blKkHOBeHHble guddepeHymnanbHble ypasHeHusa (O1Y) — 3710 ypaBHeEHMUS,
3aBuUcCALLME OT OAHON HE3ABUCUMOM NEPEMEHHON; OHU UMELIOT BUA

cd 2 4™
P (s ) =0 (s G T ) =

 NunddepeHumanbHble ypaBHEHUA B HAaCTHbIX Npou3BoaHbIX (YPYI) —
3TO YpPaBHEHMUA, coaeprKallime Hen3BeCcTHble PYHKLUMU OT HECKONbKUX
nepemeHHbIX N NX YaCTHble MPon3BoAHbIe.

e O6LWUN BNA TaKUX YPaBHEHMI MOXKHO NpeacTaBuTb B BUAE:

I dz Oz dz &z 8z 0z oz

ST 2 P (.- =10
] ¥ b I 3 1 a;rl L] 52:2 1 1 a;rm 1 B;I:E E] ﬂIIaI‘g 1 a-mg ¥ E aI% L]
1 2




RGN 9 B iE/partial differential equation/pde

* JlnHeHOe ypaBHeHWe BTOPOro nopaaKa, cogepskalliee Ase He3aBUCUMble
nepemeHHble, UMeeT BUA,:
Hu Hu 8%y
A— <+ 2B +C +..
Ox? Oz dy dy?

=0

1. D= B* — AC > 0 — runepSonu4eckoe ypaBHEHHE.
2 D = B? — AC' < () — 3nNnunTMYecKoe YpasHEHKE,

3. D = B?> — AC = () — Napabonuyeckos ypasHeHHe (30ECh NPEANONaraeTcs, YTo
B AaHHOM Touke KoadiuumenTtsl 4, B, C've 00paluatoTcs 8 HyNMb OAHOBDEMEHHD)

If there are n independent variables xq, x5 .... x,, a general linear partial differential equation of second order has the form
T T agu
Lu = Z Zﬂg i7=——= plus lower-order terms = 0.

The classification depends upon the signature of the eigenvalues of the coefficient matrix a; ;.

1. Elliptic: the eigenvalues are all positive ar all negative.

2. Parabolic: the eigenvalues are all positive or all negative, save one that is zero.

3. Hyperbolic: there is only one negative eigenvalue and all the rest are positive, or there is only one positive
eigenvalue and all the rest are negative.

4, Ultrahyperbolic: there is more than one positive eigenvalue and more than one negative eigenvalue, and there are
no zero eigenvalues. There is only a limited theory for ultrahyperbolic equations (Courant and Hilbert, 1962).
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OaHOMepHOe ypaBHeHWe TENNONPOBOAHOCTHU | npaeuTe | npaeuTs ko4 |

¥pPABHEHWE, ONWCEIBAKLWEE PACNpOCTPAHERWE TENNA B OOQHOPOOHOM CTEDHHE OTHOCHTCA K
napafonuYyeckomMy TUNY W MMEET BT
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rae ﬂ(t, iL‘) — TEMNepaTypa, W & — NONOHWTENEHAA KOHCTaHTa, ONWCEIEAaLWAR CROPOCTE
PAcNpOCTpaHeHWA Tenna. 3a4a4a Kol CTABMTCA CNedyowMM oSpasom:

u(0,z) = f(x),

rae f(x) — npon3sonNbHaA yHKUKA.

YpaBHeHWe KonebaHWA CTPYHbI [npasuTs | npasvTe kog |
Fu _ 0%
ot T a2
YpaBHEHWE OTHOCMTCA K runepSonuyeckomy Tuny. 3aeck w(t, &) — CMELEHHE CTPYHBI 13
nono#eHWA paBHOBECHA, MNK HM30BITOMHOS OaBNeHW: BO30yxa B Tp}rﬁe, MK MarHiTyaa
SNERTPOMArHKWTHOM NonAa B Tp}rﬁe, d ¢ — CROpPOCTE pacnpoCTpaHEeHWA BOMNHBL. Ona Toro,

yToObl CCOOPMYNKMPOBATE 3aaa4y KoLK B HAYankHbIA MOMEHT BDEMEHHM, CNEAYeT 3a0aTh
CMELLEHWE W CKOPOCTE CTPYHBI B HAYANBHBIA MOMEHT BDEMEHH:

u[ﬂ,*x} = f(=),
2(0,) = ol),

OeymepHoe ypaBHeHue Jlannaca |[npasws | npaeuts ko ]

YpaeHeHue Nannaca anA HeW3BECTHOR YHKLMKU OBYX NEPEeMEHHBLIX MMEET BUA
u  Fu
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¥paBHEHWE 3INNUATHUYECKOND TUNA. Ero pelleHWA Ha3bIBaTCA rAapMOHMYECKMMK YHKLMAMMN.
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HEZRRRDHIE
« FHPFRIt;E (Finite Element Method, FEM, MeTog, KOHEYHbIX 31€MEHTOB)

FEPR{AEFRE (Finite Volume Method, FVM, MeTog, KoHeuYHbIXx 06bEMOB)
EPFRZ=47% (Finite Difference Method, FDM, MeTof, KOHEUYHbIX pa3sHoOCTel )
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Species models/FhEHEE

1 HEFERBARA.

D E/REER(Malthus) A

C;—]Zrer N FR ¢ RGBSR, & K

ANEHRKE,
N(t) = N(ty)e "™

2) BRI (Logistic) Y

dN N — sz
—=r(1-—)N K RREMBHNRAKEHE.
dt K
K
N(t) — K—N(ty) —r(t—ty)

1+

N ()
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xdt

d
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| ydt
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dbetL, 4 |
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fdx—x(a +a,x+a;,y)
<dt 10 1 12y
dy

—=vy(a,, +a,, x+a,,y)
dt Yo T o 2

) a,,(a,p)TrH (L) FERERERE,

2) @y =04, =0 VAR (L) P
a, <0,a,, <0 FTRH (Z) F

R N AR B i 2,

3) ap<0a,<0 TpRH., LK

AR L35

4) a,, >0,a,, >0 FRT/xH., ZFEAHBAKAE;
5) apay <0 FXoRxH ., LFEENSRBRE GHESEME) -
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p(r,t)dr — p(r +dr,t+dt)dr = u(r,t) p(r,t)dradt

[p(r+dr,t+dt)— p(r,t+dt)]+[ p(r,t +dt)— p(r,t)]
=—u(r,t)p(r,t)dt, dt =dr,
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p(r,0) = po(r), r=0
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r A

p(0,t)= f(t), t=>0

rt)=u(r) £ P(rt)=:

ANO R
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po (r _t)e_Lu(S)ds ; 0<t<r
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0 f (t) t

Ft-r)e 7" tsr
F(r,t)=[ p(s,t)ds
N (t) =[" p(s,t)ds
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BESNME: D HMHOFS; D2RTZMES, DIRTZMNES ...

« J#I{E: dsolve('Dy=3*x"2",'x")

»» dsolve("Dyv=3%x 27, v(0)=2","%")

KRS THEE:

ans =

X=y .
f‘ﬁ:ﬁﬁﬂ:my@:h%ﬂzl 3+ 2

BFxYIIAENSE, FATEEERRFD U .

»¥ I[x vl= dsolve (" Dx=y, D2y—Dy=0" , " x (0} =2, vy (0)=1, Dy {0)=1" )
x —

expit) + 1

expit)



FEAtEodeeiBan <

HEEEEsolver

oded5

ode23

odel13

Mittode: g mms

odel3t

ode15s

odel3s

odeZ3tb

Ihae
—EiE: 4, SHiEEEEDE: FrrEin==0)"5
—HEE: 2, SWEEEERE. RitEinsE=(Ax"3

ZHEEE: Adams

HREEE
&k Gear sEEEERS: EERS
—#=ik: 2EvRosebrock=niE: BEE

BREEL: BEER

178
AR EERRIEIREE
BT EERREIEE

tERfEoded 5z

EENIEREE
Hoded5530T, BlLI=iEER
SiEERIReT, HEEEodel5s5E
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FEE: REERSAEy " =—tv+ey'+3sin2t. ERELEE odefun B
L2x)=y.x2)=y', Fa, HMoHETERS.

d(1)=y'=x(2) |
dx(2)= y"=—t* x(1)+exp(?)* x(2)+ 3*sin(2 * 7)

EmatlabhEFrZEHAE, BSREUT:

[ odefun.m* xl +1

. function dx=odefunit, =)

= dx=zeros(2, 1) ; W3 1k dx
= du (1)=x(2) ;

- dw (2)=—twm (1) 4exp () #x (2)4+3%sin(2+t) ;

— end

E =B EXEAREERSTEy " =—tv+ey'+3sin2ty,_, =83, ,=2.

| main.m x| odefun.m* x L-l- L
1 %% oded5RMW
2 - tspan=(3.9 4]; $RBEE
3 - y0=(8 2]; %¥)H
i - [t, x]=0ded5( odefun’, tspan, y0) :
S %% EE
6 - plot (t,x(:,1)," =0’ ,t,x(:,2),”=%")
7 - legend("y’,"y" ")
8 ~ title('y’ """ =—txy+exp(t) sy’  +3%sin(2#t)’)
9 - xlabel("t")
10 - ylabel("y")

-
-



(d?x 5. X
sl 4 J—=—1000(] —x )Z—x=0

dt
#0)=2:x (0)=0

\

ﬁ24 L Y1=Xr Yo=Yy
W T FEZE A — B 5 A2 4
f YI'=Y;

3.

gE R

I\

y,'=1000(1-y)y, - y,

<

1. #3m-3ffvdp1000.miF: _1
function dy=vdpl000(t, y) 15
dy=zeros(2,1); 1

4%

y.(0)=2,y2(0)=0 os|

-25
0

dy (1) =y (2) ;
dy (2)=1000* (1-y (1) ~2) *y (2) -y (1) ;
2. Hlty=0, t=3000, %A f4:
[T.Y]=o0de15s('vdp1000',[0 3000],[2 0]):
plot(T,Y(:,1),"-")



matlabAJPDETE%§
u— Au=0inQ = [0, 1]’
punmep: n-Vu=0ondQ
u(0,z,y) = Ry — +/(z— 0.5)2 + (y — 0.5)*

- {RERO=1/4, XA#EHIAI[AIt=3/256
L THEIApdetooF JTHTEEERET TR (5—) #EEHIER.
WG E HAYRER,, 1HELeft=0, Bottom=0,Width=1,Height =1

n::_f:'.:'s::_ — O
Object type: Rectangle
Left: 0
Bottom: 0
Width: 1
Height: 1
Mame: R1
Ok Cance




mEIQ, BRULAEBETR (TESRAERTFTEE (Dirichlet)
BK= (Neumann) FIBEIHEFRE 1¢) {ERshiftflErmT, &
MFAR, RENEKSBRFY, H5q9=09=0, =i%OK,

mPDE Specificationi&iH, EFENIATE, IRESHUWT:

Bl FDE Specification — (I x
Equation: d*u-div{c*grad{u}}+a*u=Ff
Type of PDE: Coefficient Value
() Elliptic c 1.0
(@) Parabolic 3 0.0
() Hyperbolic f 0
() Eigenmodes d 1.0

0K Cancel
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- JEESolve MRS E, RIFOMIZBESHINT:

\

Bl Solve Parameters — L] >

Time:

0:0.001:3256

ulto):

114 - sqrt((x-0.5)."2+(y-0.5)}:2)

Relative tolerance:

0.01

Abs=solute tolerance:

0.0

Ok Cancel
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- REmEREAYAR MR,

InF0Animationiklin, EfBZtEaLA%]),

plot, BUHIT

RN SNERIHEIE,

e Colongklin, LAKHeight (3-D plot) 1%

Evilshow mesh, =5

B 4
Plot type: Property: User entry: Plot style:

@

= cokor u v interpolated shad. v
[_| Contour
[[] Arrows —grad(u) v proportional v
[ | Deformed mesh ~grad(u) >
Height (3-D pilot) u v continuous v
Animation Options...
[] Plot in x-y grid Contour plot levels: 20 Piot solution automatically
Show mesh Colormap: cool +  Time for plot: 0.011 v

Plot Close Cancel
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Example: Poisson’s Equation

—V-Vu=1inQ
u=0 onoQ

4 Au Mathematics
4 Au PDE Interfaces
Au Coefficient Form PDE (¢)
Au General Form PDE (g)
Sa'ens ! DE (w)
You have flexibility and options |/ .. ooe )
to implement any PDE system.  |dge PDE (we)
Jé« Weak Form Point PDE (wp)
7 ODEs and DAEs (ge)
o (@ Optimization and Sensitivity
» 97 Classical PDEs
b &' Moving Interface
v 47 Deformed Mesh




COMSOL PDE Templates

o’u )+ f-Vu+au=f inQ
Coefficient Form tor n.(CZV“au_ Y+qu=g—h"
y)tqu=g8—-h u on oQ)
L hu=r
ua d inQ
or ' ot
General Form 3 R\
k 0=R

Implementing your own PDE is just a matter of coefficient matching.

3, v 5, v Ty
{ L

u=0 onaQ

A Note about Syntax

ou
ux=ux=a—
X
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Home Definitions Geometry Materials Physics Mesh Study Results

mph
Model Wizard

>
mph
Blank Model

Home Definitions Geometry Materials Physics Mesh Study Results

Select Space Dimension

I
m - e T —
2D 1D

3D 2D 1D oD
Axdisymmetric Axisymmetric




Home Definitions Geometry Materials Physics Mesh Study Results

Select Physics Review Physics Interface

Search Coefficient Form PDE (c)

SN pedu nransier ~
[ Opties Dependent Variables
- € Plasma
© &£ Radio Frequency
- = Semiconductor Number of dependent variables:
- B2 Structural Mechanics Dependent variables:
LU Mathematics
4 ~u PDE Interfaces
2u Coefficient Form PDE (c)
Au General Form PDE (g)
24U Wawve Form PDE (wahw)
Ja Weak Form PDE (w)
I ~u Lower Dimensions
I 5 ODE and DAE Interfaces
I @ Optimization and Sensitivity Units

Field name:

Dependent variable quantity

Added physics interfaces: Dimensionless (1)

Source term quantity

Au Coefficient Form PDE (c)

I None

Unit:

mh-2

Remowve

° Space Dimension e Study
Help e Cancel E" Done




Home Definitions Geometry Materials

Select Study

4 oo Preset Studies
Ii-l_ Eigenvalue
|~ Stationary
[ Time Dependent
[+ ~go Custom Studies
~do Empty Study

Added study:
|~ Stationary
Added physics interfaces:

4Au Coefficient Form PDE (¢)

Mesh Study Results

Stationary

The Stationary study is used when field variables do not ck
aver time.

Examples: In electromagnetics, it is used to compute static
or magnetic fields, as well as direct currents. In heat transfi
used to compute the temperature field at thermal equilibr
solid mechanics, it is used to compute deformations, stres
strains at static equilibrium. In fluid flow it is used to comp
steady flow and pressure fields. In chemical species transp
used to compute steady-state chemical composition in ste
flows. In chemical reactions, it is used to compute the chel
composition at equilibrium of a reacting system.

Itis also possible to compute several solutions, suchas an
load cases, or to track the nonlinear response to a slowly v
load.

Help

- = & Contents

+

= Stationary

Time Dependent Study Step

& Time Dependent

& Time Discrete

M Freguency to Time

Eigenfrequency Study Steps

. Eigenfrequency

]i". Eigenvalue

Frequency Domain Study St

M Frequency Domain

M Frequency-Domain
Perturbation

& Frequency to Time

Study Extensions Steps

Batch

Batch Sweep

Cluster Computing
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® <> Add Component ~

Definitions

Application
Builder  »
Application Model

Model Builder
- ‘® v =t
4 & Untitled.mph (root)
4 @ Global Definitions
Materials
4 @ Component 1 fcomp1)
I = Definitions
a4 Geometry 1
Sphere 1 (sphi)
* Form Union (fin)
i Materials
4 v Coefficient Form PDE (¢)
@ Coefficient Form PDE 1
%= Zero Flux 1
i@ Initial Values 1
A Mesh 1
4 ~do Study 1
|~ Step 1: Stationary
I I Results

Geometry

@ Component 1 (comp1) ~

Materials Mesh

Physics
(=)
® @

Definitions  Geometry Materials

- -

Settings  Properties ~a
Sphere

% Build Selected ¥ E Build All Objects

~

Label: Sphere 1

¥ Object Type

Type: [ Solid

v Size
Radius: 1
Position

0
0

¥ Axis

Axis type: [ z-axis

~* Rotation Angle
Rotation: 0

> Layers

¥ Selections of Resulting Entities

Contribute to: | None v| New |

[] Resulting objects selection

Show in physics: Domain sele

Study
2u Coefficient Form PDE (c) ~
‘#; Add Physics

Untitled.mph - COMSOL Multiphysics

Results
& Build Mesh
/i Mesh1 -

Physics Mesh

Graphics
Q Q@&

BB R
Mea

v by bzl

B@RN ~EEED
o

Messages Progress Log Table

N

COMSOL 5.2.0.166

Finalized geometry is empty.
Finalized geometry is empty.
Finalized geometry is empty.

= Compute

~oo Study 1 =

"9 Add Study
Study

FE= «~-a

o

B

Layout

& Add Plot Group ~

Results

Help

Contents Q Searc

[ETopid
Sphere

To create a sphere or ball, on the

Geometry toolbar click Sphere { ().
You can also right-click the Geometry
node to add this node from the context
menu. Then enter the properties of the

sphere using the following sections:

OBJECT TYPE
From the Type list, select Solid or
Surface to specify if the sphere is a solid

object or a (hollow) surface object.

SIZE
Define the radius of the sphere in the
Radius field.

POSITION
Enter the position of the sphere’s center

using the x, y, and z fields.

AXIS

Specify the direction of the third axis of
the sphere's local coordinate system.

From the Axis type list, choose x-axis,
y-axis, or z-axis (the default) to obtain

an axis aligned with the specified
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f o = M t N I Apéallllilcg‘élron » Definitions Geometry Materials
.:.- dlErals Application Model Physics Mesh
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Dirichlet Boundary Condition

4 = Definitions

4 <& untitled.mph (roog)

4 Global Definitions Label: Dirichlet Boundary Condition 1
J= Boundary System 1 (sys7) & Materials :
- 4 @ Component 1 (comp1) Boundary Selection
| el lllllllrl 2w 1 L \T\ g:z:ltel;;: Selection: | All boundaries v‘
0 Sphere 1 (sph1) 1 ~ .
4 . Geometry 1 15 Form ion =a -
AR = Materials 7 PN
/ Act 3 [ e}
) Sphere 1 (sph1) = 3 ®
i@ Coefficient Form PDE 1 <
H ;. %w Zero Flux 1
+!| Form Union (fin) & o vmaes : -
. = Dirichlet Boundary Condition 1 . e
H M atE ria I g Mesh 1 I Qverride and Contribution
4 "o Study 1 ~ Equation
A H . . .
PN <. Step 1: Stationary
4 C o E-Fﬁ cie nt F orm P D E {Cj 4 ™. Solver Configurations Show equation assuming:
o " 4 [ solution 1 sel7) | Study 1, Stati
y 1, Stationary -
. CDE'FﬁICIEﬂt FDrm PDE 1 3 compile Equations: Stationary ey
o |- ww Dependent Variables 1 Granction = -1
[ ] EE [[®] F I LI 1 4|5 Stati&?nary Solver 1 eaeen
o Direct ~ Dirichlet Boundary Condition
41 Advanced
. Inltlal Ualues 1 == Fully Coupled 1 Prescribed value of u

4 [ Results

= Dirichlet Boundary Condition 1 % Datases r o :

2% Derived Values

MESh 1 I E;;bg’le;tﬁroup1
~oo Study 1  repors
. Step 1: Stationary

" Results
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' Untitled.mph (root)
qlobal Definitions

|

() Materials

Component 1 fcomp1)
= Definitions
J=| Boundary System 1 (s)57)
I View 1
. Geometry 1
' Sphere 1 (sph1)
Form Union (fin)
i Materials
4u Coefficient Form PDE (¢)
@ Coefficient Form PDE 1
w Zero Flux 1
B Initial Values 1
m Dirichlet Boundary Condition 1

Mesh 1
5 Study 1
[~ Step 1: Stationary
™. Solver Configurations

Results

2 Data Sets

2% Derived Values
A Tables

@ 3D Plot Group 1
& Export

=5 Reports

v & Settings

Properties

Stationary
= Compute ' Update Solution

Label:

b

L

Stationary

Study Settings

Results While Solving

Physics and Variables Selection

Modify physics tree and variables for study step

Physics interface Solve for Discretization

Coefficient Form PDE (c) [ | Physics settings

v |

Values of Dependent Variables
Mesh Selection

Study Extensions

Graphics
Q Q @R -
T @ -

Ly e =EE @

o

Slice: Dependent variable u (1)

0.186
0.14
0.12
0.1

0.08
0.06
0.04
0.02

Messages Progress Log Table

v

COMSOL 5.2.0.166

Finalized geometry is empty.

Finalized geometry is empty.

Finalized geometry is empty.

Finalized geometry has 1 domain, 8 boundaries, 12 ed
Complete mesh consists of 8296 domain elements, 84
Number of degrees of freedom solved for: 11965 (plu
Solution time (Study 1): 4 s.




